Introduction
Let {P n (x)} be the Legendre polynomials given by P 0 (x) = 1, P 1 (x) = x and (n + 1)P n+1 (x) = (2n + 1)xP n (x) − nP n−1 (x) (n ≥ 1). It is well known that (see [B, p. 151] , [G, (3.132)-(3.133) ]) (1.1)
where [a] is the greatest integer not exceeding a. From (1.1) we see that (1.2)
P n (−x) = (−1) n P n (x), P 2m+1 (0) = 0 and P 2m (0) = 1 (−4) m 2m m .
We also have the following formula due to Murphy ( [G, (3.135 . Let Z be the set of integers, and for a prime p let R p be the set of rational numbers whose denominator is not divisible by p. Let ( a m ) be the Jacobi symbol. In [S4-S6] the author showed that for any prime p > 3 and t ∈ R p , (1.4) P p−1
x 3 − 3(t 2 + 3)x + 2t(t 2 − 9) p (mod p),
(1.5) P x + 9t + 7 p (mod p).
In this paper, by using elementary arguments, we prove that for any prime p > 3 and t ∈ R p , (1.7) P It is well known (see for example [S2, pp.221-222] ) that the number of points on the curve y 2 = x 3 + mx + n over the field F p with p elements is given by #E p (x 3 + mx + n) = p + 1 + p−1 x=0
x 3 + mx + n p .
For positive integers a, b and n, if n = ax 2 + by 2 for some integers x and y, we briefly say that n = ax 2 + by 2 . Recently the author's brother Zhi-Wei Sun [Su1, Su3] and the author [S4] ] (x) (mod p) for 11 values of x (see Corollaries 2.1-2.7), and
3k /m k (mod p 2 ) for m = −15 3 , 20 3 , −32 3 , 2 · 30 3 , 66 3 , −96 3 , −3 · 160 3 , 255 3 , −960 3 , −5280 3 , −640320 3 . Thus we solve some conjectures in [Su1, Su3] and [S4] . For example, we confirm (1.9) in the case ( p 19 ) = −1 and prove it when ( p 19 ) = 1 and the modulus is p. Let p be a prime greater than 3. In the paper we also determine
3k /864 k (mod p 2 ) and establish the general congruence (1.10)
Congruences for
Lemma 2.1. Let p be an odd prime. Then
Proof. For k ∈ {0, 1, . . . ,
Thus (ii 
Proof. For m, n, r ∈ Z with m ≥ n ≥ r ≥ 0 it is easily seen that m n n r = m r m−r n−r . Thus, using Lemma 2.1(i) we see that
If p ≡ 1 (mod 3), using Lemma 2.1(i) we see that
Thus, from the above and Lemma 2.1 we deduce that
If p ≡ 2 (mod 3), using Lemma 2.1(i) we see that
This completes the proof. Theorem 2.1. Let p > 3 be a prime and m, n ∈ R p with m ≡ 0 (mod p). Then
Proof. For any positive integer k it is well known (see [IR, Lemma 2, p.235] 
and therefore (2.1)
If n ≡ 0 (mod p), from the above we deduce that
Thus applying (1.2) and Lemma 2.2 (with k = [
Hence the result is true for n ≡ 0 (mod p). Now we assume n ≡ 0 (mod p). From (2.1) we see that
On the other hand, by (1.1),
Hence, by the above and Lemma 2.2 we get
] (mod p).
from the above we deduce that
This completes the proof.
Remark 2.1
The congruence (2.1) was given by the author in [S5] .
Corollary 2.1. Let p = 2, 3, 11 be a prime. Then
Proof. By [S6, Corollary 2.1 (with t = 7 9 ) and (2.2)],
Thus, taking m = −11 and n = 14 in Theorem 2.1 we obtain the result. Corollary 2.2. Let p > 5 be a prime. Then
Proof. Using [S5, Lemma 4.2] we see that
Now taking m = −30 and n = 56 in Theorem 2.1 and applying the above we deduce the result. Corollary 2.3. Let p > 5 be a prime. Then
Proof. By [S2, Lemma 2.3] (or [S6, Corollary 2.1 (with t = 5/3) and (2. 3)]) we have
Thus, taking m = −15 and n = 22 in Theorem 2.1 we obtain the result. Corollary 2.4. Let p > 5 be a prime. Then
Proof. From [S5, Corollary 3 .3] we know that
Thus taking m = −120 and n = 506 in Theorem 2.1 we deduce the result. Corollary 2.5. Let p > 7 be a prime. Then
Suppose p ≡ 1, 2, 4 (mod 7) and so 
Proof. From [W, p.296] we know that
As (x 2 + 6x + 2)(3x 2 + 16x) = x 4 (3 + 34/x + 102/x 2 + 32/x 3 ), we see that 
Taking m = −595 and n = 5586 in Theorem 2.1 and then applying (2.7) and (2.6) we deduce the result. Corollary 2.7. Let p = 2, 3, 11 be a prime.
(ii) If p ≡ 1, 3, 4, 5, 9 (mod 11) and hence 4p = u 2 +11v 2 for some u, v ∈ Z, then
Proof. It is known (see [RP] and [JM] ) that (2.8)
Thus applying Theorem 2.1 we deduce that 
Now assume (
, by [S3, Corollary 4 .6] we have
Now combining all the above we derive the result.
From [RPR] , [JM] and [PV] we know that for any prime p > 3, (2.9) 
Proof. Suppose that k ∈ {0, 1, . . . , p − 1} and that r ∈ {1, 5} is given by p ≡ r (mod 6). Then clearly 
Proof. Replacing m by −3m 2 in Theorem 2.1 and then applying Lemma 2.3 we deduce the result. Corollary 2.8. Let p > 3 be a prime, and let c(n) be given by
Proof. It is easy to see that the result holds for p = 11. Now assume p = 11. By the well known result of Eichler (see [KKS, Theorem 12 .2]), we have 
Proof. Taking m = 1 and n = 2t in Theorem 2.2 and applying Euler's criterion we see that (2.12) is true for t = 0, 1, . . . , p−1. Since both sides of (2.12) are polynomials in t of degree at most (p − 1)/2, applying Lagrange's theorem we conclude that (2.12) holds when t is a variable.
Theorem 2.4. Let p > 3 be a prime and let t be a variable. Then
Proof. By (1.1), both sides of the two congruences are polynomials in t of degree at most p − 3. By Lagrange's theorem, it suffices to show that the congruences are true for p − 2 values of t ∈ {0, 1, . . . , p − 1}. Now combining (1.4) and (1.6) with Theorem 2.1 we deduce the result.
Corollary 2.9. Let p > 3 be a prime and m ∈ R p with m ≡ 0 (mod p). Then
Proof. Taking t = (2m 2 − 5)/3 in Theorem 2.4 and then applying [S6, Lemma 2.2] and Lemma 2.3 we deduce the result.
Theorem 2.5. Let p > 3 be a prime and let t be a variable. Then
Proof. By (1.1), both sides of the congruence are polynomials in t of degree at most p − 2. By Lagrange's theorem, it suffices to show that the congruence is true for all t ∈ R p with t ≡ 5 4 (mod p). Now assume t ∈ R p and t ≡ 5 4 (mod p). Set m = 3(4t − 5) and n = 2(2t 2 − 14t + 11). Then 3n √ −3m
Thus, by (1.5) and Theorem 2.1 we have
For p ≡ 1 (mod 4) we have 9
. Thus the result follows.
Corollary 2.10. Let p > 3 be a prime and m ∈ R p with m ≡ 0 (mod p). Then
Proof. 
Proof. Set t = (7 ± 3 √ 3)/2. Then 2t 2 − 14t + 11 = 0. Thus, from Theorem 2.5 and the congruence for P [
] (0) in the proof of Theorem 2.1 we deduce that
It is well known that
≡ 2a (mod p) for p ≡ 1 (mod 4) (see [BEW, p.269] ). Thus the corollary is proved. Theorem 2.6. Let p > 3 be a prime and m, n ∈ R p with m ≡ 0 (mod p). Then
Proof. Let P (α,β) n (x) be the Jacobi polynomial defined by
It is known (see [AAR, p.315] ) that (2.13) [B, p.170] we know that
Hence, if p ≡ 1 (mod 4), then [ 
To see the result, we note that (
Theorem 2.7. Let p > 3 be a prime and m, n ∈ R p with mn ≡ 0 (mod p). Then
Proof.
using Lemma 2.4 and Theorem 2.1 we deduce the result.
A general congruence modulo p 2
Lemma 3.1. For any nonnegative integer n we have
Proof. Let m be a nonnegative integer. For k ∈ {0, 1, . . . , m} set
For i = 1, 2 and k ∈ {0, 1, . . . , m}, using Maple it is easy to check that (3.1) (m + 2)
Thus, for i = 1, 2 and m = 0, 1, 2, . . ., Since S 1 (0) = 1 = S 2 (0) and S 1 (1) = 120 = S 2 (1), from (3.2) we deduce S 1 (n) = S 2 (n) for all n = 0, 1, 2, . . .. This completes the proof. For any prime p and integer n, if p α | n but p α+1 n, we write p α n.
Lemma 3.2. Let p be an odd prime and k, r ∈ {0, 1, . . . , p − 1}
Proof. For any positive integer n we have 3n n = 3 3n−1 n−1 . Thus the result is true for p = 3. Now assume p > 3. By (2.10) 
6 and so 3r r 6r 3r ≡ 0 (mod p 2 ). Thus the lemma is proved.
Theorem 3.1. Let p be an odd prime and let x be a variable. Then
Hence, using Lemma 3.1 we deduce that
Now combining all the above we obtain the result. in Theorem 3.1 we deduce the result.
Corollary 3.2. Let p be a prime greater than 3 and let t be a variable. Then
Proof. Putting x = 1−t 864 in Theorem 3.1 we see that
where f (t) is a polynomial in t with coefficients in R p . Taking derivatives and then multiplying by 1−t 2 1728 on both sides we deduce the result.
Lemma 3.3. Let p be a prime of the form 4k + 1 and p = a 2 + b 2 (a, b ∈ Z) with a ≡ 1 (mod 4). Then
Proof. By Lemma 2.1(i) and the proof of Theorem 2.1,
By Gauss' congruence ( [BEW, p.269 
Thus the result follows.
We note that for primes p ≡ 1 (mod 12), the congruence
≡ ±2a (mod p) was given in [HW, Corollary 4.2.2] . Let p > 3 be a prime. By the work of Mortenson [M] and Zhi-Wei Sun [Su2] , (3.3)
In [Su4] , Zhi-Wei Sun confirmed the conjecture in the case p ≡ 3 (mod 4). Now we prove the above conjecture for primes p ≡ 1 (mod 4). Theorem 3.2. Let p be a prime of the form 4k + 1 and so p = a 2 + b 2 with a, b ∈ Z and a ≡ 1 (mod 4). Then
Proof. From Lemma 3.3 we have P [ 
Congruences for
and 
Using Lemma 2.3 and Theorem 2.3 we see that
Proof. We first assume that 4m 3 + 27n 2 ≡ 0 (mod p). Clearly −3m ≡ ( 9n 2m ) 2 (mod p) and so (
Since m ≡ 0 (mod p) we have n ≡ 0 (mod p) and so 
] (t) ≡ 0 (mod p). Thus, applying Theorem 4.1 we see that
